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Abstract
We show that double logarithmic corrections s ln2 x appear in exclusive B meson decays at the end point of a
momentum fraction x ! 0, which demand the introduction of a quark jet function into perturbative QCD factorization
of decay amplitudes. The threshold resummation for the jet function leads to a universal Sudakov factor, which smears
the end-point singularities in heavy-to-light form factors.
Perturbative QCD (PQCD) factorization theorem for exclusive processes [1] states that a hadronic form factor at
large momentum transfer is expressed as convolution of a hard amplitude with hadron wave functions. However, the
PQCD evaluation of the pion form factor suers singularities from the end point of a momentum fraction x ! 0 [2].
In this region the hard amplitude is characterized by a low scale, such that perturbative expansion in terms of a large
coupling constant s is not self-consistent. More serious end-point (logarithmic) singularities have been observed in
the leading-twist (twist-2) contribution to the B !  transition form factor [3].
In this letter we shall show that when the end-point region is important, double logarithmic corrections s ln2 x
should be taken into account. These double logarithms have been found in the radiative decay B ! γl and resummed
[4]. We shall give a systematic treatment of this type of double logarithms by introducing a quark jet function into
PQCD factorization formulas. The threshold resummation for the jet function leads to a universal Sudakov form
factor, which smears the end-point singularities in the B !  form factor.
We rst study the decay B ! γl. The B meson carries the momentum P1 = (MB=
p
2)(1; 1;0T ) and the outgoing
photon carries the momentum P2 = (MB=
p
2)(0; ;0T ) with the energy fraction . Consider the kinematic region
with small q2, q = P1 −P2 being the lepton pair momentum, i.e., with large , where PQCD is applicable. The mass
dierence between the B meson and the b quark,  = MB −mb, is treated as a small scale in the heavy quark limit.
According to leading-twist PQCD factorization theorem [5], the relevent form factor is written as the convolution
fγ(q2) = B(x) ⊗H(x; MB; ) with x = k+=P+1 , k being the light quark momentum. The light-cone B meson wave


















with the dimensionless vectors v = P1=MB and n− = (0; 1; 0T ), and the rescaled b quark eld bv. The lowest-order
diagrams Figs. 1(a) and 1(b) for the infrared nite hard amplitude H scale like 1=MB and 1=M2B, respectively, where
the upper line denotes a b quark and  denotes a weak decay vertex. Below we shall concentrate on Fig. 1(a).
The above factorization is appropriate for the region with k+  O(), in which the only infrared divergences are
the soft ones that have been absorbed into B in Eq. (1). Near the end point k+  O(2=MB), the internal quark
in Fig. 1(a) carries a large momentum P2 − k with its invariant mass vanishing like O(2). Additional collinear
divergences from loop momenta parallel to P2 then appear in higher-order corrections. Figure 1(c) contains this
divergence, which can be extracted by replacing the b quark line by an eikonal line in the direction n+ = (1; 0; 0T ).

















in which the rst term contributes. Assigning the identity matrix I to the trace for the hard amplitude, we obtain












6 P2− 6 k+ 6 l
(P2 − k + l)2
]
n+
n+  ll2 = −
s
4
CF ln2 x +    ; (3)
1
with CF = 4=3 being a color factor. Figure 1(d) does not generate the collinear divergence, since the phase space of
the loop momentum is restricted to l+ < k+  O(2=MB). The self-energy correction in Fig. 1(e) can be factorized
into J (1)1e trivially by using the Fierz identity.
To absorb the above collinear divergences, we introduce a quark jet function with the zeroth-order expression




1e . It has been shown that the soft divergences in
Figs. 1(c)-1(d) and 1(f)-1(h) are absorbed into the O(s) B meson wave function 
(1)
B [5]. Therefore, the modied
factorization in the threshold region is written, up to O(s), as
f (0)γ + f
(1)
γ = [1 + 
(1)
B ]⊗ [H(0) + H(1)]⊗ [1 + J (1)] + O(2s) ; (4)
with the lowest-order hard amplitude H(0) = f (0)γ and the O(s) hard amplitude H(1) = f
(1)
γ −(1)B ⊗H(0)−H(0)⊗J (1).
Below we prove the modied factorization to all orders by induction and by means of the Ward identity, and
construct the denition of the jet function,
















B ⊗H(k−i−j) ⊗ J (j) ; k = 0; 1;   N ; (6)
where the superscripts represent the powers in s. The Ward identity in [5] leads to the factorizations of the
O(N+1s ) full diagrams f
(N+1)
γ ! (1)B ⊗ f (N)γ in the soft region and f (N+1)γ ! f (N)γ ⊗ J (1) in the collinear region, the
factorization of the B meson wave function (k+1)B = 
(1)
B ⊗ (k)B + F (k+1) , and the factorization of the jet function
J (k+1) = J (1) ⊗ J (k) + F (k+1)J , where the O(k+1s ) functions F (k+1) and F (k+1)J are infrared nite.
Employing the above relations, we write
f (N+1)γ = 
(1)







B ⊗H(N+1−i−j) ⊗ J (j) : (7)
In the rst expression the O(N+1s ) function F
(N+1) is infrared nite, since the soft (collinear) divergence has been
collected by the rst (second) term. In the second expression the O(N+1s ) hard amplitude is dened as,















 ⊗H(N+1−i−j) ⊗ F (j)J : (8)
Equation (7) implies that all the infrared divergences can be factorized either into the B meson wave function dened
in Eq. (1) or into the jet function dened in Eq. (5). We then prove factorization theorem for the decay B ! γl in
the threshold region shown in Fig. 1(i),
fγ(q2) = B(x)⊗H(x; MB; )⊗ J(x) : (9)
The threshold resummation for an inclusive jet has been known for a long time [6,7]. It can been shown that the
threshold resummation for an exclusive jet in Eq. (5) is the same except that the corresponding anomalous dimension
is down by a factor 2 [8] (An inclusive cross section is the square of the magnitude of an exclusive amplitude). The












J (0)(N) ; (10)
where the exponential factor comes from the threshold resummation with the anomalous dimension γK = sCF =,
J (0)(N) = 1=N is the Mellin transformation of J (0)(x) = 1 from the x space to the N space, and c an arbitrary real
constant larger than all the real parts of the poles of the integrand.
Since the integrand contains a branch cut along the negative real axis on the complex N plane, Eq. (10) reduces to
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where the variable change N = exp(t+ i) (N = exp(t− i)) has been adopted for the piece of contour above (below)
the branch cut. Note that the above expression holds only for s > 0. For s = 0, the residue associated with the
N = 0 pole should be included. It is easy to conrm that J(x) is normalized to unity,
∫
J(x)dx = 1 [9]. Obviously,
Eq. (11) vanishes at x ! 0, since the integrand is an odd function in t, and at x ! 1 due to the factor (1− x)exp(t).
The latter property is the consequence of the extrapolation of the Sudakov factor to the low N region. Equation (11)
provides suppression near the end point x ! 0, which is stronger than any power of x. This can be understood from
vanishing of the derivatives of Eq. (11) with respect to x at x ! 0. To the accuracy of next-to-leading logarithms, the
running of s should be taken into account, and Eq. (11) will be corrected [8]. However, the above features remain.
We extend the above formalism to the semileptonic decay B !  l  in the fast recoil region of the pion. The
B meson momentum P1 is the same as in the decay B ! γl, and the pion momentum P2 is the same as the
photon momentum. Leading-twist factorization theorem for the B !  form factor has been proved in [5], f(q2) =
B(x1)⊗H(x1; x2; MB; )⊗ (x2), which holds in the region with x1  O(=MB) and x2  O(1).
Since Fig. 2(a), proportional to 1=(x1x22), is more singular at small x2, we consider the threshold region with
x2  O(=MB), where the internal b quark propagator scales like 1=MB, and additional soft divergences appear.
Part of O(s) corrections to Fig. 2(a) are shown in Figs. 2(c)-(e), which give rise to the soft divergences. Figure 2(c)
generates the double logarithms s ln2 x2, while Figs. 2(d) and 2(e) generate only single logarithms. We emphasize
that the double logarithms discussed here dier from those in [3], which are s ln2 x1. The soft gluon in Fig. 2(c) can










[ 6 P1 − x2 6 P2+ 6 l + MB




n−  ll2 = −
s
4
CF ln2 x2 +    ; (12)
where the Fierz identity has been employed to separate the fermion flows of the jet function and of the hard amplitude.
Following the procedures for B ! γl, we prove the factorization of the jet function to all orders, dened by







b(0)jb(P1 − x2P2)i : (13)
It can be shown that the resummation for Jb gives a result the same as Eq. (11), i.e., the Sudakov factor is universal.
The analysis for Fig. 2(b) is similar to that for the decay B ! γl. In the threshold region with x1  O(2=M2B),
the additional collinear divergences associated with the internal light quark are exhibited in Figs. 2(f)-2(h). Figure
2(f), corresponding to Fig. 1(c), gives the double logarithms s ln2 x1, whose factorization is the same as of Fig. 1(c).
Hence, we have Eqs. (3) and (5) for Fig. 2(b).
At last, we investigate the resummation eect on the B !  form factor f+(q2) in the standard denition, which














with Nc = 3 being the number of colors. We employ the models [10,11],











with the shape parameter !B and the normalization constant NB determined by
∫
B(x)dx = 1. If J(x) is excluded,
the rst term in Eq. (14) is logarithmically divergent. With threshold resummation, the form factor is calculable
without introducing infrared cutos [3,12].
Choosing s = 0:4, MB = 5:28 GeV, and the decay constants fB = 190 MeV and f = 130 MeV, we derive f+(q2),
!B = 0:3(0:4) GeV; f+(0) = 0:15(0:12) ; f+(2 GeV2) = 0:18(0:13) ; f+(4 GeV2) = 0:21(0:15) : (16)
The variation of f+ for s = 0:3-0.5 is less than 10%, since the change of J is compensated by that of s in the overall
coecient in Eq. (14). The dierence between the above values and the expected one f+(0)  0:3 can be resolved by
higher-twsit contributions [13].
If including two-particle twist-3 pion wave functions, which are nite at the end points [10], the singularities in the
B !  form factor become linear [12]. In this case threshold resummation is even more crucial. It can be shown
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that the Sudakov factor in Eq. (11) is identical for twist-2 and twist-3 factorization formulas [8]. The threshold
resummaiton derived in this work is also applicable to annihilaiton form factors in nonleptonic decays and to the
end points of inclusive semileptonic decay spectra [8]. A more complete PQCD formalism should also involve kT
resummation [14]. In future works we shall demonstrate the importance of joint resummation (the unication of kT
and threshold resummations) [15,16] for exclusive B meson decays.
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Figure Captions
Fig. 1. (a) and (b) Lowest-order diagrams for the decay B ! γl. (c)-(h) O(s) corrections to Fig. 1(a). (i)
Factorization of the form factor fγ in the threshold region.
Fig. 2. (a) and (b) Lowest-order diagrams for the decay B ! l. (c)-(e) [(f)-(h)] O(s) corrections to Fig. 2(a)
[Fig. 2(b)] that generate additional soft (collinear) divergences in the threshold region.
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